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Signhals in Frequency Domain

e Any function that periodically repeats itself can be expressed as the
sum of sines and/or cosines of different frequencies, each multiplied
by a different coefficient (Fourier series).

e Even functions that are not periodic (but whose area under the curve
is finite) can be expressed as the integral of sines and/or cosines
multiplied by a weighting function (Fourier transform).
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Signals in Frequency Domain

The frequency domain refers to the
VAVAVAVAVAVAN plane of the two dimensional discrete

Fourier transform of an image.

The purpose of the Fourier transform is
to represent a signal as a linear
combination of sinusoidal signals of
various frequencies.

FIGURE 4.1 The function at the bottom is the sum of the four functions above it
Fourier’s idea in 1807 that periodic functions could be represented as a weighted sum
of sines and cosines was met with skepticism.
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Signals in Frequency Domain

* The one-dimensional Fourier transform and its inverse
— Fourier transform (continuous case)
F(u)=| f(x)& 2™ dx where j= 1
— Inverse Fourier transform:
f(x):J F(u)ejzm’xdu el =cos@+ jsin@
« The two-dimensional Fourier transform and its inverse
— Fourier transform (continuous case)

Fuv)E] | f(xy)e 12 dxdy

— Inverse Fourier transform:

f(Xx,y)= f:o f;o F (u,v)e!?7 ™ Widudv
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Signals in Frequency Domain

 The one-dimensional Fourier transform and its inverse
— Fourier transform (discrete case) DTC

M —1 _
FU)=-—12 3 f(x)e 2™ foru=012,.,M —1
M x=0

— Inverse Fourier transform:

M —1 _
f(x)=> F@)e*™ forx=012,...M -1
u=0
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Signals in Frequency Domain

» Since €' =cos@+ jsind  gndthe fact cos(—6) = coso
e then discrete Fourier transform can be redefined
M -1
F(u) = ﬁ > f(x)[cos2zux/ M — jsin 2zux/M]
x=0

foru=0,12,....M -1

— Frequency (time) domain: the domain (values of u) over which the values of
F(u) range; because u determines the frequency of the components of the
transform.

— Frequency (time) component: each of the M terms of F(u).
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Signals in Frequency Domain

* F(u) can be expressed in polar coordinates:
F(u)=|F (u) &%

i
where |F (u)|= [Rz(u) +12( u)]2 (magnitude or spectrum)

p(u)=tan  * [:?((uu)) ] ( phase angle or phase spectrum)

— R(u): the real part of F(u)
— I(u): the imaginary part of F(u)
« Power spectrum:

P(u) =|F )" = R2(u) + 12(u)
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FIGURE 4.2 (a) A
discrete function
of M points, and
(b)) its Fourier
spectrum. {(c) A
discrete function
with twice the
number of
nonzero points,
and (d) its Fourier
spectrum.




Signals in Frequency Domain

 The two-dimensional Fourier transform and its inverse
— Fourier transform (discrete case) DTC

—12n(ux/ M+vy/ N)
F(uv)= o X; ;f(xw
foru=0,12,... M-1,v=0,1,2,...,N—-1

— Inverse Fourier transform:
M-1N-1

f(X y)_ ZZ I:(u V)eJZﬂ:(ux/M+vy/N)

u=0 v=0

for x=0,1,2,...M —1,y=0,1,2,...,N —1

* U,V the transform or frequency variables
* X,V :the spatial or image variables
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Signals in Frequency Domain

« We define the Fourier spectrum, phase angle, and power spectrum as follows:

1
IF(u,v)|= [Rz(u,v)+ I 2(u,v)E ( spectrum)

1(u,v)
R(u,v)

o(u,V)= tanl{ } ( phase angle)
P(u,v)= |F(u,v)]° = R*(u,v)+ 12(u,v) (power spectrum )

— R(u,v): the real part of F(u,v)
— I(u,v): the imaginary part of F(u,v)
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Signals in Frequency Domain

« Some properties of Fourier transform:

S[f(x,y)(—l)x+y]: F(u—%,v—%) (shift)

M-1N-1

F(0,0)= e ZZ f(x,y) (average)

F(u,v)=F *(—u,—~v) (conjugate symmetric)
F(u,v) = |F(-u~v)|  (symmetric)
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Signals in Frequency Domain

The 2D DFT F(u,v) can be obtained by
1. taking the 1D DFT of every row of image f(x,y), F(u,y),
2. taking the 1D DFT of every column of F(u,v)

(@)t(x.y) (0)F(u.y) (©)F(u.v)
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Signals in Frequency Domain

— =¥

Sl

FIGURE 4.3

{a) Image of a
20 > 40 white
rectangle on a
black background
of size 512 > 512
pixels

(b)) Centered
Fourier spectrum
shown after
application

of the log
transformation
given in

Eq. (3.2-2).
Compare with
Fig. 4.2.

shift
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Signals in Frequency Domain
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Signals in Frequency Domain
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The Property of Two-Dimensional DFT
Linear Combination

0.25*A
+0.75*B
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Two-Dimensional DFT with Different Functions

Z

Sine wave Its DFT

Rectangle Its DFT

Digital Image Processing Prof.Sheli Sinha Chaudhuri. Dept of ETCE , JU



Two-Dimensional DFT with Different Functions

2D Gaussian Its DFT
function
Impulses Its DFT
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Filtering in the Frequency Domain

a
b

FIGURE 4.4

(a) SEM image of
a damaged
integrated circuil.
by Fourier
spectrum of (a).
(Original image
courtesy of Dr. 1
M. Hudak.
Brockhouse
Institute for
Materials
Research,
McMhaster
University,
Hamilton,
Ontario, Canada.)
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Basics of Filtering in the Frequency Domain

Frequency domain filtering operation

Filter Inverse

tr]fl?jlslgé?;’n - function - Fourier
: Hw, v) transform '

Flu, v) Hw, v)F(u, v)
Post-
processing

Pre-
processing,

flx.y) a(x. )
Input Enhanced
image image

FIGURE 4.5 Basic steps for filtering in the frequency domain.
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Some Basic Filters and Their Functions

« Multiply all values of F(u,v) by the filter function (notch filter):

O if (uv)=(M/2,N/2)
H{uv)= {:i otherwise.

— All this filter would do is set F(0,0) to zero (force the average value of an image to zero) and leave
all frequency components of the Fourier transform untouched.

FIGURE 4.6
Result of filtering
the image in

Fig. 4.4{a) with a
notch filter that
set to O the
F({0,0) term in
the Fourier
transform.
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Lowpass filter

Highpass filter

a b
c d

FIGURE 4.7 (a) A two-dimensional lowpass filter function. (b} Result of lowpass filtering the image in Fig. 4.4{a).
(c) A two-dimensional highpass filter function. (d) Result of highpass filtering the image in Fig. 4.4{a).
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Some Basic Filters and Their Functions

FIGURE 4.8

Result of highpass
filtering the image
in Fig. 4.4(a) with
the filter in

Fig. 4.7(c),
modified by
adding a constant
ol one-half the
filter height to the
filter function.
Compare with
Fig. 4.4(a).
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Correspondence between Filtering in
the Spatial and Frequency Domain

« Convolution theorem:
— The discrete convolution of two functions f(x,y) and h(x,y) of size M xN is

defined as
—1N-1
f (XY ) h(xy)——ZO Z f (m,n)h(x—m,y—n)

— Let F(u,v) and H(u,v) denote the Fourier transforms of f(x,y) and h(x,y), then
f (X, y)*h(x,y) < F(u,v)H(u,V) Eg. (4.2-31)
f (X, Y)h(X,y) < F(u,Vv)*H(u,V) Eq. (4.2-32)
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Correspondence between Filtering in
the Spatial and Frequency Domain

« AS(X—X,,Y—Y,):an impulse function of strength A, located at coordinates (X,,)

M-1N-1

DD s(X, Y)AS(X— X, Y — Yo) = As(Xq, Vo)
Xx=0 y=0
where iis(x y)S (X, y) = s(0,0) :aunitimpulse located at the origin
x=0 y=0 5()(, y)
« The Fourier transform of a unit impulse at the origin (Eg. (4.2-35)) :
F(U V) _ Z_lNZ_lé‘(X y)e 127Z'(UX/|V|+Vy/N) 1
Xx=0 y=0 MN
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Correspondence between Filtering in
the Spatial and Frequency Domain

o Let f(x,y)=05(x,Y) ,thenthe convolution (Eq. (4.2-36))

M-1N-1

F(x,Y)*h(x,y) === > > S(m,mh(x—m,y—n)

m=0 n=0

1
— _—— _h(x,
N (X,Y)

« Combine Eqs. (4.2-35) (4.2-36) with Eq. (4.2-31), we obtain
f(xXyrh(xy)eF(uv)H(uv)

S(xy ) h(xy)e3 [6(xy)]H (u,v)
‘Wh(x,y) \ ‘WH(U,V)\
>

h(x,y)=H (u,v)
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Correspondence between Filtering in
the Spatial and Frequency Domain

 Let H(u) denote a frequency domain, Gaussian filter function given the equation

H(u) = Ae v /27
where o : the standard deviation of the Gaussian curve.

« The corresponding filter in the spatial domain is

2
h(x)= \BTTaAg 27 0

e Note: Both the forward and inverse Fourier transforms of a Gaussian function are
real Gaussian functions.
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Correspondence between Filtering in
the Spatial and Frequency Domain

H () H () a b
F 3 F c d
FIGURE 4.9

{a) Gaussian
frequency domain
lowpass filter.

( by Gaussian
[requency domain
highpass filter.

(c) Corresponding
lowpass spatial
flter.

- u =% (d)y Corresponding
highpass spatial
filter. The masks

nix) shown are used in
i Chapter 3 for

lowpass and
1 111 highpass filtering.

1 —1] &8 |—1
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Correspondence between Filtering in
the Spatial and Frequency Domain

» One very useful property of the Gaussian function is that both it and its Fourier
transform are real valued; there are no complex values associated with them.

« In addition, the values are always positive. So, if we convolve an image with a
Gaussian function, there will never be any negative output values to deal with.

« There is also an important relationship between the widths of a Gaussian function
and its Fourier transform. If we make the width of the function smaller, the width of
the Fourier transform gets larger. This is controlled by the variance parameter 2 in
the equations.

» These properties make the Gaussian filter very useful for lowpass filtering an image.
The amount of blur is controlled by o?. It can be implemented in either the spatial or
frequency domain.

« Other filters besides lowpass can also be implemented by using two different sized
Gaussian functions.
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Smoothing Frequency-Domain Filters

« The basic model for filtering in the frequency domain
G(u,v) =H(u,v)F(u,v)
where F(u,v): the Fourier transform of the image to be smoothed
H(u,v): a filter transfer function

« Smoothing is fundamentally a lowpass operation in the frequency domain.

» There are several standard forms of lowpass filters (LPF).
— ldeal lowpass filter
— Butterworth lowpass filter
— Gaussian lowpass filter
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|deal Lowpass Filters (ILPFs)

« The simplest lowpass filter is a filter that “cuts off” all high-frequency components of
the Fourier transform that are at a distance greater than a specified distance D, from

the origin of the transform.
» The transfer function of an ideal lowpass filter
1 If D(u,v)= Dg
O If D(uv)=D,
where D(u,v) : the distance from point (u,v) to the center of ther frequency rectangle

H(u,v)=

1
D (u,v)= [(u— M/2)? +(v— N/ 2)* J?

Digital Image Processing Prof.Sheli Sinha Chaudhuri. Dept of ETCE , JU



w e, v)

a b c

FIGURE 4.10 (a) Perspective plot of an ideal lowpass filter transfer function. (b) Filter displaved as an
image. (c) Filter radial cross section.
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FIGURE 4.11 (a) An image of size 500 > 500 pixels and (b) its Fourier spectrum. The
radii values of 5. 15, 30, 80, and 230, which enclose 92.0,

superimposed circles hm;
U4 6, 964, 950, and 99.5% of the image power., respectively
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|deal Lowpass Filters
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FIGURE 4.12 {a) Original image. (b)—() Results of ideal lowpass filtering with cutolf
frequencies set at radn values of 5. 15, 30, 80, and 230, as shown in Fig. 4. 11(b). The
power removed by these filters was 8,54, 3.6, 2, and 0.5% of the total. respectively.
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Butterworth Lowpass Filters (BLPFs) with order n

1
1+[D(u,v)/ D"

Hiu v) Hiu. v)
[
1.0

H((u,v)=

—= v 05

e
o

a b c

FIGURE 4.14 {a) Perspective plot of a Butterworth lowpass filter transfer function. (b) Filter displaved as an
image. (¢) Filter radial cross sections of orders 1 through 4.
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Butterworth Lowpass
Filters (BLPFs)

n=2
D,=5,15,30,80,and 230
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a b FIGURE 4.15 (a) Original image. (b)—(1) Results of filtering with BLPFs of order 2,
cod with cutoff frequencies at radii of 5, 15, 30, 80, and 230, as shown in Fig. 4.11(b).
e [ Compare with Fig. 4.12.
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Butterworth Lowpass Filters (BLPFs)

Spatial Representation

abcd

FIGURE 4.16 (a)—{d) Spatial representation of BLPFs of order 1. 2. 5. and 20, and corresponding grav-level
profiles through the center of the filters (all filters have a cutoff frequency of 5). Note that ringing increases
as a function of filter order.

Digital Image Processing Prof.Sheli Sinha Chaudhuri. Dept of ETCE , JU




Gaussian Lowpass Filters (FLPFs)

2
O
H{u. v) H (., v)
&
) 1.0
;
.ﬂl-
i | :'.: D.6677
§ !
-.*.I'.-*' | KT om0
ﬁﬂmy%ﬁ. e D, = 100
et e T
. - , = D, v)
abc

FIGURE 4.17 (a) Perspective plot of a GLPF transfer function. (b) Filter displaved as an image. {c) Filter
radial cross sections for various values of 1.
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Gaussian Lowpass
Filters (FLPFs)

D,=5,15,30,80,and 230
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FIGURE 4.18 (a) Criginal image. (b)—() Resulls of Altering with Gaussian lowpass a b
filters with cutofl frequencies set at radii values of 5, 15, 30, 850, and 230, as shown in c od
Fig. 411{b). Compare with Figs. 4.12 and 4.15. e f
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Additional Examples of Lowpass Filtering

I:'E:G]:.IRE 4.19 Historicaliy, certain computer Historicaliy, certain computer
(a) Sample text of programs were written dsing programs were written using
E?;rerﬁfﬂﬂ:{g"ﬂ" only two digits rathear than only two digits rather than
characters in four to define the applicable four to define the applicable
:,‘;‘;gl:';g;ﬂ"gf?w]' year. Accordingly, the year. Accordingly, the

filtering with a company's software may company's software may
(:_iLPF‘(hmken recognize a date using "GQ0O° recognize a date using "00"
;2;?;?;_“,31.3 as 1900 rather than the vEgr as 1900 rather than the ygar
joined). 2000. 2000.

ea

=
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Additional Examples of Lowpass Filtering

abc

FIGURE 4.20 (a) Original image {1028 > 732 pixels). (b) Result of filtering with a GLPF with D, = 100.
(c) Result of hiltering with a GLPF with D, = 80. Note reduction in skin fine lines in the magnified sections
of {b) and (c).
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Sharpening Frequency Domain Filter

Hiw, v)
4
1O

-1' : D, )

H e, v)
L
1.0

Ideal hlghpass filter
‘[L“ it I(eev) = 1D,
Hiw.v)=

] it I eeev)y= 0, i . -

i
Butterworth highpass filter — o ; - D )
1 p— - oo}
H ( u,v ): = . |
1+[Dy/ D (uw)Y
> 2 a b c
— D°(uv)2D et
H (u 1V): 1_ e © FIGURE 4.22 Top row: Perspective plot. image representation. and cross section of a typical ideal highpass

filter. Middle and bottom rows: The same sequence for typical Butterworth and Gaussian highpass filters.
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Highpass Filters

Spatial Representations

a b c

FIGURE 4.23 S5Spatial representations of typical (a) ideal. (b) Butterworth, and (¢) Gaussian frequency
domain highpass filters. and corresponding grav-level profiles.
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|deal Highpass Filters

If D(uv)= D,

AUV i D (u,v)>D,

]

T,
e Fe £
L I- - - e -

T
i

a b c

FIGURE 4.24 Results of ideal highpass fhiltering the image in Fig. 4.11(a) with D, = 15, 30, and B0,
respectively. Problems with ringing are quite evident in (a) and (b).
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Butterworth Highpass Filters

H(u,v)= 1

1+cD,/ D (u,v)r"

a addadea
R
FIGURE 4.25 Results of highpass filtering the image in Fig. 4. 11(a) using a BHPF of order 2 with D, = 15,

30, and 80, respectively. These results are much smoother than those obtained with an ILPF.
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Gaussian Highpass Filters

— D?(u, V) 2D?
Hu,v1-e (U, V)2bg

i s

FIGURE 4.26 Results of highpass filtering the image of Fig. 4.11{a) using a GHPF of order 2 with I3, = 15.
30, and 80, respectively. Compare with Figs. 4.24 and 4.25.
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« The Laplacian filter
H(u,v) =—Uu®+Vv?)
 Shift the center:
H (uv)= - [(u— TR +(v- %)2]

_M\/\ Frequency
domain
0 1 0

\/
=)

o |1 ] o Spatlal domain

a b

d e
s ;
FIGURE 4.27 (a) 3-D plot of Laplacian in the frequency domain. (b)) Image representation of (a).
(c) Laplacian in the spatial domain obtained from the inverse DFT of (b). {(d) Zoomed section of the origin
of {c). {e) Gray-level profile through the center of (d). (f) Laplacian mask used in Section 3.7.
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a b
cd

FIGURE 4.28

(a) Image of the
North Pole of the
moon.

(b) Laplacian
filtered image.
(c) Laplacian
image scaled.

(d) Image
enhanced by
using Eq. (4.4-12).
(Original image
courtesy of
NASA.)
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Some Additional Properties of the 2D Fourier Transfor

 Periodicity, symmetry, and back-to-back properties

a b | F(a) | F ()

cd

FIGURE 4.34 SN ; Y H. lr:"ﬂ by I;"F

(a) Fourier I S N VR S v VSN RPN S O S
spectrum showing —M 2 0 M2 e, R 0 M2 M1 s
h El(:k—[f.}— ].-'!'El‘:k l+— e pericd ————»| . |+——— e period —————m=|

half periods in

the interval

[0, M — 1].

{b) Shifted
spectrum showing
a full period in the
same interval.

{c) Fourier
spectrum of an
image, showing the
same back-to-back
properties as {a),
but in two
dimensions.

{d) Centered
Fourier spectrum.

_-,."i:

shift
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Some Additional Properties of the 2D Fourier Transfor

« Separability

Flx. ¥)

1-12
row
transforms

Flx.v)

1-ID
column
transforms

FIGURE 4.35
Computation of
Fe. v) the 2-1 Fourier
transform as a
series of 1-1D
transforms.
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Summary of Some Important Properties
of the 2-D Fourier Transform

TABLE 4.1

Summary of some L) Jotah sepEens o)
important ] i | IS 2 e
) L Yy — xS M ey SN
properties of the Fourier transform  F{u, v) SN }'2:: E}f{x. vye
2- Fourier | . ] ol N1
nverse Fourier ' T Y ST,
transform. transform fl[.tf.. :l’] — Zﬂ ZUF('H" U}EE" (eex /M +un /N
[ I
Polar Flu, v) = |Flu, v)|e 70
representation
Spectrum IF(u.v)| = [R3*u.v) + r*(u.v)]"?. R = Real(F) and
I' = Imag( F)
Ph | ! t 1[ I(1, v) ]
ase angle S, v) = tan R(u. o)
Power spectrum Plu, vy = |Flu v)|
. 'i M1 N—1
Average value flx.y) = F(0.0) = —= > flx. v)
MN = =
Translation Flx. y)e2mlux/MevaviND o By — pyy, v — V)
Flx — xo. ¥ — o) = F(u., v)e Priva/ Mo/
When Xp = MHp — Ml,.n"z and Vo = Wy = N,-"Z.. then
flae. ) (—1)""Y = Flu — M/2.v — N/2)
flx — M/2,y — N/2) < F(u.v)(—1)"""
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Summary of Some Important Properties
of the 2-D Fourier Transform

Conjugate Flu, vy = F{—u.—v)
symmeltry |F (1. v)| = |F(—u.—v)|
. . dF(x, ¥ e TABLE 4.1
Differentiation e (ju) " Flu, v) (continued)
o AF(w, v)
() f (2 p) =
ohLE
Laplacian Vif(x. ¥) = —(u? + v F(u, v)

lx.y) + e )] = S[Ax )]+ SR(x y)]
filx. v) - flx. )] = S[AGx v)] - S[fa(x v)]

Distributivity

!l

&

-

Scaling af(x. v) = aF(u.v). flax. by) = ﬁ Flu/a, v/b)

Rotation X = rcos# VY = rsin# H = ¢ COSE T = wSINng
flr.o + 8,) = Flo.e + 8y)

Periodicity Flu.v)y = Flu + M. v) = Flu.v + N) = Flu + M.v + N)
Fle.y) = flx + M.y) = f(x.y + N) = f(x + M.y + N)

Separability See BEqgs. (4.6-14) and {(4.6-15). Separability implies that we can

compute the 2-D transform of an image by first computing 1-13
transforms along each row of the image, and then computing a
1-D transform along each column of this intermediate result.
The reverse. columns and then rows, vields the same result.

Digital Image Processing Prof.Sheli Sinha Chaudhuri. Dept of ETCE , JU




Summary of Some Important Properties
of the 2-D Fourier Transform

Property Expression(s)
Computation 1 o Mobx TABLE 4.1
" % _ g2 N F2om(nx M+ ov /N -
of the inverse —MN f {I.. J?j:l MN !;] E ral [H L::IE {continued)
Fourier

This equation indicates that inputting the function F* (., v)
into an algorithm designed to compute the forward transform
(right side of the preceding equation) vields f5(x, v)/ MN.
Taking the complex conjugate and multuplving this result by
MM gives the desired inverse.

lransform using
a forward
transform
algorithm

E’I-flh

Convelution” flx. v) = h{x.y) = Z Ef[m nihix — m.v — n)
=0 p=i0
E A -1 N1
Correlation’ flx.y)=h(xy) = == SN fE(man)h(x + mLy + n)
v =0 w=0
Convolution flx,v)=h{x.v) = Flu, v)H{wu v);
theorem’ flx. viha(x. v) = Flu.v)= H(u.v)
Correlation flx.v)=hi{x.v) = F¥*(u. v)H{u.v);
theorem? FAlx. vihix, v) = Flu, v) = H{u, v)
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Summary of Some Important Properties
of the 2-D Fourier Transform

Some useful FT pairs:

Impulse alx, v) = 1 TABLE 4.1
COFETFLLEE
Craussian AN goe 2T Y] an gl rr)i2et
sin(ua) sin(wvbh) ,
Rectangle rect|a. b] <= ab jr (ma+vb)
(7ia) (Tvh)

Cosine cos(2mugx + 2wvyy) =

1

5 S(u + wg. v+ vy) + S — g v — )]
Sine sin(2m7upx + 2wvgy) <=

J ol + ug. v+ vy) — dlu — wp. v — vy)]

" Assumes that functions have been extended by zero padding.
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Low and High Pass filtering

Chapter 4

END OF LECTURE
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